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Abstract 

Let R nt d be the ring of invariants of d-tuples of n x n matrices under the 
simultaneous conjugation action of the general linear group. A minimal gener- 
ating system and a homogeneous system of parameters of R$ t 3 are determined. 
Homogeneous systems of parameters of -^3,2) R-4,2 are also pointed out. 

1 Introduction 

Let K be an infinite field of the characteristic p (p = 0,2,3,...). Denote by 
M n>d (K) = M n (K) © • • • © M n (K) the space of d-tuples ottixii matrices, where 
d > 1. The general linear group GL n (K) acts by simultaneous conjugation on 
M n4 (K): for g G GL n (K) } At G M n (K) (i = T^d), we have 

g{A 1 ,... 1 A d ) = (gA^^.^gAdg- 1 ). 

The coordinate ring of M n;d (K) is the polynomial algebra K n ^ = K[xij (r) 1 1 < i, j < 
n, r — 1, d], where Xij(r) denotes the function mapping (Ai, . . . , A d ) G M n ^ d (K) to 
the (i, j) entry of A r . The action of GL n (K) on M nd (K) induces the action of 
GL n (K) on K nid : (g ■ f)(A) = f(g^A), where g G GL n (K), f G K n>d , A G M M . 
Denote by 

R n , d = {fe K n4 |V_ G GL n (K) :gf = f} 
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the matrix algebra of invariants. Let X r = {xij(r))i<ij< n be the generic matrices of 
order n (r = 1, d), and let <Jk(A) be the coefficients of the characteristic polynomial 
of A e M n (K), i.e., 

det(XE - A) = \ n - (Ji(A)A"- 1 + • • • + {-l) n a n {A). 

Here E stands for the identity matrix. The algebra R n ^ is generated by all elements 
of the form a^X^ ■ ■ ■ X is ) [1J. The Procesi-Razmyslov Theorem on relations of R n ^ 
was extended to the case of arbitrary p in [2] . 

Let N = {0,1,2,...}. The algebra R n ^ possesses the natural ^-grading by 
degrees and A^-grading by multidegrees. If some A^-homogeneous subset G C 
R nt d has the property that G generates R n ^ but any proper subset of G does not 
generate R n ,d, then G is called a homogeneous minimal system of generators (shortly 
h.m.s.o.g.) of R n ,d- A h.m.s.o.g. of R24 was found in [3] when p = 0, in [I] when 
p > 2, and in [5] when p — 2. In [6 J some upper and lower bounds on the highest 
degree of elements of a h.m.s.o.g. of R n ^d are pointed out for arbitrary p. In [7] in 
case of p = the cardinality of a h.m.s.o.g. of R 3 d was calculated for d < 10 by 
means a computer, and shown a way how the set can be constructed for each d by 
means a computer. The least upper bound on degrees of elements of a h.m.s.o.g. of 
-^3^ was established in [8j (except for the case of p — 3, d = 6k + 1, k > 0, where 
error of estimation of the least upper bound is not greater than 1). In the given 
paper we construct a h.m.s.o.g. of for arbitrary p. 

By the Noether normalization R n( i contains a homogeneous (with respect to 
A/o-grading) system of parameters (shortly h.s.o.p), i.e. a set of algebraically inde- 
pendent elements generating a subalgebra over which R n) d is integral. In case of 
p = Teranishi established h.s.o.p.-s of ^3,2, Ra,2 [9] and of R24 (d > 2). In [5] 
h.s.o.p.-s were established for i? 2 ,d for p > 0, d > 2. The main result of the paper is 
the explicit description of a h.s.o.p. for i? 3i3 over a field of arbitrary characteristic. 
We also point out h.s.o.p.-s for ^3,2, #4,2 for arbitrary p. 

2 Auxiliary results 

Let S be the free semigroup generated by letters {xi,x 2 , ■ ■ .}. For a word u G S we 
denote the degree of u by deg(u), the multidegree of u by mdeg(u), and the degree of 
u with respect to the letter Xj by deg^(w). All word are supposed to be non-empty 
unless otherwise is stated. 

Denote by R^ d the subalgebra generated by elements of R U) d of positive degree. 
An element r e R n ,d is called decomposable if it can be get in terms of elements 
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whose degrees are less than that of r, i.e. r belongs to the ideal (R^ d ) 2 . Obviously, 
{rj} G R n> d is h.m.s.o.g. iff {rj} is a base of R nt d = R n ,d/ \Rn,d) 2 ■ ^ elements ri,r 2 
of R n> d are equal modulo (R^ d ) 2 , we write t\ = r 2 . Denote by K(xi, . . . ,2^)* the 
free associative i^-algebra without unity which is freely generated by x\, . . . , xj- Let 
id{/i, . . . , / s } be the ideal generated by fi, . . . , f s . The problem of decomposability 
of an element of R n ,d and the problem of equality to zero of some element of N n ^ = 
K(x\, . . . , Xd)* /id{x n | x G K(xi, . . . , Xd)*} are closely related (see Lemma[2]below). 
Let A n ^ be K- algebra without unity generated by generic matrices X\, . . . , Xj. The 
homomorphism of algebras <fi : A n ^ —>■ N n ^, which maps in Xj, is defined correctly. 

A word w G S is called canonical with respect to Xi, if it has one of the following 
forms: Wi, WiXiW 2 , WiX 2 w 2 , W\X 2 uXiW 2 , where words Wi,w 2 ,u do not contain x^, 
words Wi,w 2 can be empty. If a word is canonical with respect to all letters, then 
we call it canonical. In [8] the next lemmas are proved. 

Lemma 1 1. Applying identities XiUXi = —x 2 u — ux 2 , Xiuxf = —xfuxi of N^d, 
every non-zero word w G N 3t d can be represented as a sum of canonical words which 
belong to the same homogeneous component as w. 

2. If p ^ 3, then x 2 ux 2 = holds in N 3td - 

3. The equality x 2 x 2 XjXi = —x 2 x 2 XiXj holds in iV^. 
4- The inequality 7^ holds in A^. 

5. Let p = 3 and for some identity a i u i — of N^, a, t G K, exists k such 
that deg (uj) = 1,2. Then after the substitution x^ = 1 in J2 a %Ui — we get an 
identity of N 3; d- 

Lemma 2 1. Let G G A n> d, % = l,d. Then 

a) if G do not contain X{ and tr(GXj) is decomposable, then <p{G) = 0; 

b) if 4>{G) = 0, then tr(GXj) is decomposable. 

2. Let G G A n ^d and G do not contain Xi for some i — 1, d. Then decomposability 
oftr(GX 2 ) implies <p{G)xi + Xi<p(G) = in N 3t d- 

3. Let U G A n ,d be a word. If tr(U) is indecomposable, then tr(U) can be 
represented in the form tr(U) = afjtr(Wi) , where words Wi G A n ^ are canonical, 
mdeg(i7) = mdeg(W / i ), ctj G K. 

4- The identity a 2 {UV) = ti(U 2 V 2 ), where U, V G A n ^ d , holds in R 3t d- 

5. The explicit upper bound on degrees of elements of a h.m.s.o.g. of R 33 is 
equal to 6, if p ^ 3, and is equal to 8, if p = 3. 

6. The explicit upper bound on degrees of elements of a h.m.s.o.g. of R 3) d (d > 2) 
is equal to 6, if p = 0. 
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The result of substitution X\ — > Ai,...,Xd — > Ad in r G -R n ,d, where 
Ai, . . . , Ad G M n (K) (A\, . . . , Ad are some generic matrices, respectively), denote by 
r Ui,...,Ar If we consider a subset of R n d instead of r, then we use the same notation. 
If Q C R n ,d, Ai G M n (K), i = l,d, and all elements of Q\a 1 ,...,a c1 are equal to zero, 
then we write Q\A 1 ,...,A d = 0. 

If A,B E M n (K) are equivalent, i.e. there is T G GL n (K) such that A = TBT^ 1 , 
then we write A ~ B. Let rank(A) be the rank of a matrix A. Denote 
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Further n is assumed to be 3 unless otherwise is stated. 



3 A homogeneous minimal system of generators 

Let i, j, k — 1, 3 be pairwise different. Denote by G\ the set 
tT(XiXj), i<j; fT 2 (Xi); 

tr(X 1 X 2 X 3 ), ti(X 1 X 3 X 2 ); ti(XfXj); a 3 (X,); 
ti(X?X?),i<j-tT(X?X j X k ); 
tr(X?XfX k ); triXfX^Xk), j < k. 

Denote by G 2 the set 

tr(X 2 X 2 X,X,), % < j; tr(X 2 X 2 X,X fc ); tr(X 2 X 2 X 2 ). 

Denote by G 3 the set 

triXfX^XiXj), i<j- tr(X 2 X 2 X,X fc ); tr(X 2 X 2 X 2 ), tr(X 2 X 2 X 2 ); 
tr(X,X 2 X 2 X J X fe ), j < k; tr(X 2 X 2 X l X 2 ), j < k; 
tr(X 2 X 2 X 2 X J X fc ), j < k. 

Theorem 1 (i) If p ^ 3, £/ien Cn = G 1 U G 2 is a homogeneous minimal system of 
generators o/i? 3i3 . 

(ii) If p = 3, then Ga = G\U G 3 is a homogeneous minimal system of generators of 
Remark 1 We have \Gi\ = 48, \G h \ = 58. 
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In order to prove the Theorem we formulate the next Lemma. 

Lemma 3 1. The elements tr(XiX 2 X 3 ), tr(XiX 3 X 2 ) are linearly independent in 

Ra,3- 

2. The elements tr(X 2 X 2 Xs) , tr(X 2 XsX 2 ) are linearly independent in R 3 $. 

3. The elements tr(X 2 X|X3) ; tr(X|X 2 X3) are linearly independent in R 3 ^. 

4- If p = 3 ; then the elements tr(X 2 X|X|), tr(X 2 X|X|) are linearly independent 
in ^3,3. If p 7^ 3 ; then they are linearly dependent in R 3i3 . 

Proof. Items 1, 2 are consequences of item 3, because if Ei tr(£/jXj) = 0, where 
words Ui E A n4 and deg x .(Ui) = 0, then Eitr^X?) = 0. 

3. Let atr(X 2 X 2 X 3 ) + /3tr(X|X 1 2 X 3 ) = 0, where a ^ or (3 ± 0. Hence 
ax\x\ + ftx\x\ = in X 3 d by item 1 of Lemma [21 Since x\x\ 7^ in N 3t d (item 4 of 
Lemma[T]), we have a^O. Thus x\x\x\ = — ((3/ot)x\x\ = in N 3jd , but x\x\x\ 7^ 
in X^ (item 4 of Lemma [1]); a contradiction. 

4. ' Let p = 3 and atr(X 2 X 2 X 2 ) + /3tr(X 2 X 2 X 2 ) = 0, where a ^ or (5 ^ 0. 
Hence [ax\x\ + (3x\x\)x 3 + x 3 (ax 2 x 2 + (3x1x1) = in X 3jC ; (item 2 of Lemma [2]). 
Substitution £3 = 1 gives 2ax\x\ + 2/5x 2 x 2 = (item 5 of Lemma CD), which was 
proved to be a contradiction. 

Let p / 3. The identity x 2 x 2 x 2 = in N 3 ^ (item 2 of Lemma [1]) implies 
tr(X 2 X 2 X|X 2 ) = (item 1 of Lemma|2|. On the other hand, x 2 x 2 x 2 = — x\x\— x\x\ 
in N 34 (item 1 of LemmaED implies tr(X 2 X 2 X 2 X 2 ) = -tr(X 2 X 2 X 2 ) -tr(X 2 X 2 X 2 ) 
(item 1 of Lemma [2]). A 

Proof of Theorem 1. Lemmas [U, [2] imply that Gi (Ga, respectively) generates 
i?3_3 when p 7^ 3 (p = 3, respectively). These lemmas also show that all elements 
of Gi (of G;;, respectively) are indecomposable, when p 7^ 3 (p = 3, respectively). 
Thus it is enough to prove that the elements of Gi (of Ga, respectively) of the equal 
multidegree are linearly independent in ^3,3. The last follows from Lemma El A 

The next proposition follows easily from [TJ. 

Proposition 1 Let p = 0. Then the cardinality of a h.m.s.o.g. of R 3) d equals to 
M d = 3d + 5(^ + 24(^ + 51^)+ 47(f) + 15(g), where (f) = for i > d.' 

Proof. Consider some h.m.s.o.g. of R 3) d- Denote by Gd its subset which consists of 
elements depending on X l5 . . . , X d . It is easy to see, that 

d 

U U G k \x n ,...,x lk 

k=l l<i 1 <---<i fc <d 
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is a h.m.s.o.g. of Thus Md = J2f=i a k(t)i where = The algebra R^d is 
generated by elements of the degree not greater than 6 (for example, see item 6 of 
Lemma [2]). Hence = for i > 6. In [7] it was shown that 

d 1 2 3 4 5 6 
M d 3 11 48 189 607 1635 ' 

Thus we get the required. A 

4 A homogeneous system of parameters 

Theorem 2 The set P C #3,3 

cr k (Xi), i,k = 1,3, 

tr(X x X 2 ), tr(X 1 X 3 ), tr(X 2 X 3 ), 

tr(X 2 X 2 ) + «!tr(X 2 2 X 3 ) + a 2 tr(X|X 1 ), 

tr(X 2 X 3 ) - p 1 ti(X$X 2 ), tr(X 2 X 3 ) - /3 2 tr(X 2 X 1 ), 

tr(X 1 X 2 X 3 )+ 7 tr(X 1 X 3 X 2 ), 

tr(X 2 X 2 ), tr(X 2 X|), tr(X 2 X|), 

where ai, a 2 , /3i, /3 2 , 7 are non-zero elements of K and a\ + (3\ + a 2 /? 2 7^ 0, is a 
homogeneous system of parameters of R^^. 

It is easy to see that if the statement of the Theorem is valid over the algebraic 
closure of K, then it is valid over K. Therefore we can assume that K is algebraically 
closed. 

We need the following Theorem, which was proved by Hilbert for p = [TTJ . 
In [12] there is a proof of the Theorem for p = 0, and that proof is suited for 
arbitrary p. 

Let an algebraic group G acts regularly on some affine variety X. This action 
induces the action of G on the coordinate ring K[X] which consists of regular map- 
pings from X into K. Let invariants Ii,...,I s G i^[X] G have the property: if 
h{x) = ■■■ = I s (x) = 0, where x G X, then for each homogeneous non-constant 
invariant I G X[X] G we have I(x) = 0. Then the ring of invariants K[X] G is 
integral over the subring generated by I\, . . . , I s . 

Denote by tr.deg(i? rlj d) the transcendence degree of R n ^ (n > 2), i.e. the cardi- 
nality of its h.m.s.o.g. The next Lemma is a folklore statement but we give its proof 
for completeness. 
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Lemma 4 tr.deg(.R ni <f) — (d — l)n 2 + 1, where d > 2. 

Proof. Recall the Theorem whose proof can be found, for example, in [13]. 

If <fi : X —> Y is a dominant morphism of irreducible algebraic varieties, then 
there is an open non-empty subspace U C Y such that for all y G U we have 
dim(0 _1 (y)) = dim(X) — dim(F). 

Let ii : Mn t d(K) — > M ni d(K) / GL n (K) = Spec(R ntd ) be categorical quotient, 
where Spec(i? nj d) is the affine variety whose coordinate ring is isomorphic to R n ,d- 
Denote by Fd the free associative algebra generated freely by fi, . . . , fd- Each repre- 
sentation \I> : F d -> M n (K) correspond to some point {^{fi), ^ (/<*)) G M n , d (K) 
and vice visa. Denote by W the set of points of M n ^{K) which correspond to the 
simple representations. It is known that if a point belongs to W, then its GL n (K)- 
orbit is closed and coincides with the fiber of n which contains it (see jH], [T5]). 

By Frobenius theorem representation \1/ is simple iff there are gi, ■ ■ ■ ,g n 2 G Fd 
such that fy(gi), . . . , ty(g n 2) are linearly independent. Thus \l/ is simple iff 



S = det 



^0, 



where ^(gi)j stands for the j th entry of matrix ^(gi). The number 5 is equal to 
the value of some polynomial h gu _ ig 2 G if n ,<f; depending on gi, . . . ,g n 2 , calculated 
at the point Xij{r) = ^/(f r )ij, where ^(f r )ij is the entry of the matrix ^(f r ), 
ij = Yji, r = M- For /i G # M denote = {A G M M (iT)|/i(A) ^ 0}. We 

have 

^= u nh gi ,..., 9n2 ) 

gi,-,g n 2eF d 

is an open set. 

Apply the Theorem mentioned to n. Since M n ^{K) is irreducible, there is x G 
7r _1 (C7) fl W 7 . Thus there exists y G £7 such that a; G 7r _1 (y). Hence 0(x) = vr^ 1 (y), 
where O(x) denotes the orbit of x. We have dimO(a;) = dimGL n (K) — dim St (x), 
where St(x) stands for the stabilizer of x. Since dimGL n (K) = n 2 , dim St (a;) = 1, 
dimM ni d = n 2 d and dim Spec (R n ,d) = tr.deg(i2 n)( f), the Lemma is proved. A 

Lemma 5 Let A G M 3 (K) and a k (A) = (k = 173 j. T/jen rank(A) < 2. More- 
over, 

rank(A) = iff A = 0, 
rank(A) = 1 iff A ~ J x , 
rank(A) = 2 iff A ~ J 2 , 
rank(A) < 1 iff A 2 = 0. 
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Proof. Lemma follows from the Theorem on Jordan form of matrix and the 
Cayley-Hamilton identity: A 3 -tT(A)A 2 +a 2 {A)A-det(A)E = 0, where A e M 3 (K). 
A 

Lemma 6 Let A = J 2 , B e M 3 (K), rank(fi) = 2, a k (B) = (k = T^>), tr(AB) = 
0, tr(A 2 B 2 ) = 0. Then one of the following possibilities is valid: 




(1) B 



(2) B = TAT' 1 , T 



(3) B = TAT' 1 , T 



^3^4 t\ t 2 

£3 £4 £5 \ , where det(T) 7^ 0. 
1 

( t\ t 2 £s£4 

£ 3 £4 |, where det(T) ^ 0. 
V 1 



Proof. Lemma implies B = TJ 2 T 1 for some T e GL 3 (K). Let 

L = 




where a, b, c G K, a 7^ 0. We have TJ 2 T 1 = (TL)J 2 (TL) 1 . There are a,b,c 
(a 7^ 0) such that TL is equal to one of the following matrices: 



* * * 

* * * 
1 



* * * 

* * * 
1 



* * * 

* * * 

1 



Substituting TL for T and considering the equations tr(AB) = ti(A 2 B 2 ) 
get the required. A 



we 



Lemma 7 Let A = J\, a^[B) 
AB = or BA = 0. 



(k = 1,3), tr(AB) = 0, rank(5) = 1. Then 



Proof. Let B = (%)i<i.j<3- The equation tr(AB) = implies 621 = 0. Lemma [5] 
states B 2 = 0. Thus we obtain &23&31 = 0. Hence we have three alternatives: 623 = 0, 
&31 7^ 0, or 623 7^ 0, 631 = 0, or 6 2 3 = &31 = 0. Performing direct computations and 
making appropriate substitutions we get that one of the following possibilities is 
valid: 



A.A. LOPATIN 



9 



1) B = , where b x ^ 0. 



63 


b 2 b 3 /b 








bi 


b 2 





6163/62 





63 










61 62 











63 




61 ^ 

(2) B = j 63 62 , where 6 2 ^ 0. 

-63 / 



(3) B = , where 6 2 = or 6 3 = 0. 
V 63 J 

The Lemma is proved. A 

The next Lemma was proved in [9]. 

Lemma 8 Let A, B e M 3 (K), rank(A) = 2, a k {A) = a k {B) = (k = T/5), and 
tr(AB) = tr(A 2 B 2 ) = tr(A 2 B) = 0. Then tr(AB 2 ) = 0. // also A = J 2 , then B is a 
strictly upper triangular matrix. 

Proof. Conjugating, we can suppose that A = J 2 and B = (6ij)i<i,j<3- The 
equation tr(A 2 B) = implies 631 = 0, and tr(AB) = 6 2 i + 6 32 = 0, tr(A 2 B 2 ) = 
b 2 ib 32 = imply b 2 \ = 6 32 = 0. It follows from o~k(B) — 0, k — 1, 3, that bn = b 22 = 
633 = 0. Thus B is a strictly upper triangular matrix and tr(AB 2 ) = 0. A 

Lemma 9 Let Q C be the set 

<r k (Xi), k = L73, i = M, trpf^), 1 < z ^ j <d^_ 
tr(X 2 X 2 ), 1 < i < j < d, tr(X (j(1) • • • X a(r) ), r = 2,d, a E S r . 

If Ai, . . . , A s G M 3 (K) are such that Q\A lt ...,A d = 0, then for each r e R£ d we have 
r\A lt ...,A d = 0. 

Proof. If there is i = l,d such that Ai — 0, then the statement is proved by 
induction on d. 

Let rank(Aj) = 2 for some j = l,d. Conjugating, we can suppose Aj = J 2 . 
Lemma M implies that every Ai is a strictly upper triangular matrix. Thus the 
required is proved. 

The only case we has not yet considered is rank(ylj) = 1, i — 1, d (see Lemma [5]). 
Direct computations yields J\B.J\ = tr(Ji_B)Ji, B e M 3 (K), and conjugating the 
equality we get A { BAi = tr(AiB)Ai, B e M 3 (K), i = T^d. The latter identity 
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implies that if V is a word in matrices Ax, . . . ,A d and deg^ (V) > 2 for some j, 
then V — 0. Thus we has shown that tr([7) = for each word U in Ai, . . . , Ad- 

Prove by induction on deg(V) that a 2 (V) = 0, where V is a word in matrices 
Ax,..., A d . We have a 2 (UV) = ti(U 2 V 2 ) (item 4 of Lemma W), where U, V are 
words in Ax, . . . , A d . By induction hypothesis we have a 2 {U) = or 2 (V) = 0, which 
together with proved part of the Lemma gives a 2 (UV) = 0. 

So the Lemma is proved. A 

Lemma 10 Let Q C i? 3j3 be the set 

a k {Xi), k,i = 173, tiiXtXj), 1 < 1 < j < 3, tr(X^), 1 < z ^ j < 3, 
tr{X?Xj), I < i < j < 3, «tr(X 1 X 2 X 3 ) + /3tr(X 1 X 3 X 2 ), 

where a,j3 a K are non-zero. If Ax, A 2 , A% G Ma(iiC) are st/cn tnat <3Ui,a 2 ,a 3 = 0, 
then for each r G i?^ 3 we nai>e r|^ l5J 4 2 ^ 3 = 0. 

Proof. If there is j = 1, 3 such that A,- = 0, then Lemma M concludes the proof. 

If there is j = 1,3 such that rank(A,) = 2, then conjugating Ax,A 2 , A 3 we can 
assume that Aj = J 2 (Lemma [5]). Lemma [8] implies that Ax, A 2 , A3 are strictly upper 
triangular matrices. Thus the required is proved. 

Let rank(Aj) = 1, i — 1,3. Conjugating, we can assume A = J\. Lemma [7] 
implies A X A 2 = or v4 2 v4i = 0. Thus tr(v4iv4 2 v4 3 ) = or tr(v4iv4 3 v4 2 ) = 0. Lemma M 
concludes the prove. 

By Lemma [5j all possibilities have been considered. A 

Lemma 11 Let Q C -R 33 be the set 

<r k (Xi), k, i = T73, triXXj), l<i<j<3, tr{X?Xf), 1 < % < j < 3, 
tr(X 2 X 3 ), tr(X 2 X 2 ), tr^f^), 
a 1 tr(X 1 2 X 2 ) + a 2 tr(X 2 2 X 3 ) + cv 3 tr(X|X 1 ), 
/3 1 tr(X 1 X 2 X 3 ) + (] 2 tr(XxX 3 X 2 ), 

where a.\,...,(3 2 G X are non-zero. If Ax,A 2 ,A 3 G M 3 (X) are swca £na£ 
QUi,a 2 ,a 3 = 0, then for each r G -R^ 3 we have ^a^a^As = 0- 

Proof. If there is j = 1, 3 such that = 0, then Lemma [9] concludes the proof. 

Let rank^i) = rank(v4 2 ) = 2. Applying Lemma [8] to matrices Ax, A 3 and A 2 , 
Ax we obtain that tr(A|A x ) = and tr(A 2 A 2 ) = 0. Thus a 2 ti{A 2 2 A 3 ) = 0. The 
statement follows from Lemma [TDl 



A.A. LOPATIN 



11 



Let rank(Ai) = rank(A 2 ) = 1. Thus A\ = A\ = (LemmaEl). Hence tv{A\A 2 ) = 
tr(A|A3) = 0, and thus a^tr^gAi) = 0. The statement follows from Lemma [TU1 
By symmetry and Lemma [5], all possibilities have been considered. A 
Proof of Theorem 2. In order to prove the Theorem it is sufficient to show 
that if Ai, A 2 , A 3 e M 3 (K) are such that P\a 1 ,a 2 ,Aa = 0' then for each r 6 R 3 3 we 
have t\a 1 ,a 2 ,A3 = ( see Lemma H] and the above mentioned Hilbert Theorem). For 



convenience enumerate the equations: 

tr(A 2 A 3 ) = 0. (1) 

tr(AlA 2 ) + aitr^Aj) + a 2 tr(^Ai) = 0. (2) 

tr(^ 3 ) - Atr(^A 2 ) = 0. (3) 

tv(AlA 3 ) - ^tr(v4|Ai) = 0. (4) 

tr^A^g) + 7 tr(A 1 A 3 A 2 ) = 0. (5) 

tr(^) = 0. (6) 



If there is j = 1, 3 such that A 3 ■ = 0, then Lemma [9] concludes the proof. 

Let rank(A,-) = 1 for some j = 1,3. Thus Aj = (Lemma Ef . The equa- 
tions ©, © imply that tr(AfA 3 ) = tr(A|A 2 ) = tr(A^i) = 0. The statement 
follows from Lemma [TT1 

Let rank(Aj) = 2 for every i = 1,3. Conjugating, we can assume that A\ = J 2 
(Lemma [5]). Let A 2 = T 2 J 2 T 2 _1 , A 3 = T 3 J 2 T 3 X , where T 2 ,T 3 e GL 3 (K). Lemma [6] 
implies that there are three possibilities for A 2 and three possibilities for A 3 . Instead 
of letters tj (i = 1,5) we will use letters bi for matrix A 2 and letters q for matrix 
A 3 (i = 1, 5). Denote by (j, k) the case when the j th possibility is valid for A 2 and 
the k th possibility is valid for A 3 . 

Case (1,1). Here A 2 , A 3 are strictly upper triangular matrices and the required 
is obvious. 

Case (1,2). The equation (@| implies 1=0. It is a contradiction, thus the case 
is impossible. 

Case (1,3). The equation (j3J) implies 1 = 0; a contradiction. 

Case (2, 1). The equation implies b 3 = 0. Thus det(T 2 ) = 0; a contradiction. 

Case (2,2). The equation (@J implies b 2 = 6 4 6 5 — (3 2 b 3 {—c 2 + C4C5). Thus (JEJ) 
shows that c 3 = or C4 = 64. In the first case det(T 3 ) = 0, and in the second case 
the equation (j3J) implies 1 = 0; a contradiction. 
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Case (2,3). The equation (@J gives b 2 = &4&5 + ^2b?>c 2 , thus the equation (jBJ) 
implies 61 = b\ + ci — 64C3. The equation (EJ) implies C4 = P\b3C 2 . It follows from (j2J) 
that oti + (3i + a 2 (3 2 = 0; a contradiction. 

Case (3, 1). The equation (TjJ implies /3 2 = 0; a contradiction. 

Case (3,2). The equation (TjJ implies 64 = /3 2 (c2 — c 4 c 5 ). Then the equation (jfJJ) 
gives two possibilities: 

a) c 3 = 0. Thus the equation ([3]) gives a contradiction. 

6) 61 = c\ + (63 — c 4 )c4. Thus the equation ([3]) gives C2 = {^1/^2)^20^ + C4C5. The 
equation (jSJ) implies a\ + (3\ + a 2 f3 2 = 0; a contradiction. 

Case (3,3). The equation (jSj) implies C3 = 63. Then the equation (jSJ) gives a 
contradiction. A 

By the same way it was proved that if we slightly change h.s.o.p.-s of i?3 )2 , Ra,2 
for p = from [9j, then we get h.s.o.p.-s for arbitrary p: 

Proposition 2 1. The set {a k (Xi) (i = 1,2, k = 1^3), trp^Jfa), tr(XfX 2 ), 
tr^Xf), ti(XfX%)} is a h.s.o.p. of R 3>2 . 

2. The set K(J*Q) (1 = 1,2, k = I~4J, te{X 1 X 2 ), tr(XfX 2 ), tr^Xf), 
ti(XfX 2 ), t^Xi), ti(XfXl), a 2 {X 1 X 2 ), a 2 {X x Xl), a 2 (XfX 2 )} is a h.s.o.p. of 

Ra,2- 

ACKNOWLEDGEMENTS 
The author is grateful to A.N.Zubkov for helpful advices and constant attention. 

References 

[1] S. Donkin, Invariants of several matrices, Invent. Math. 110(1992), 389-401. 

[2] A.N. Zubkov, A generalization of the Procesi-Razmyslov theorem, (Russian), 
Algebra i Logika 35(1996), N4, 433-457. 

[3] K.S. Sibirskii, Algebraic invariants of a set of matrices, (Russian), Sibirsk. Mat. 
Zh. 9(1968), Nl, 152-164. 

[4] C. Procesi, Computing with 2x2 matrices, J. Algebra 87(1984), 342-359. 

[5] M. Domokos, S.G. Kuzmin, A.N. Zubkov, Rings of matrix invariants in positive 
characteristic, J. Pure Appl. Algebra 176(2002), 61-80. 



A.A. LOPATIN 



13 



[6] M. Domokos, Finite generating system of matrix invariants, Math.Pannon. 
13(2002), N2, 175-181. 

[7] S. Abeasis, M. Pittaluga, On a minimal set of generators for the invariants of 
3x3 matrices, Comm. Algebra 17(1989), 487-499. 

[8] A.A. Lopatin, The algebra of invariants of 3x3 matrices over a field of arbitrary 
characteristic, Comm. Algebra, 32(2004), No. 7, 2863-2883. 

[9] Y. Teranishi, The ring of invariants of matrices, Nagoya Math. J. 104(1986), 
149-161. 

[10] Y. Teranishi, The Hilbert series of rings of matrix concomitants, Nagoya Math. 
J. 111(1988), 143-156. 

[11] D. Hilbert, Uber die vollen Invariantensysteme, Ges. Abh., II, Springer- Verlag, 
1970, 287-344. 

[12] H. Kraft, Geometrische Methoden in der Invariantentheorie, Friedr. Vieweg & 
Sohn: Braunschweig, Wiesbaden, 1985. 

[13] J. E. Humphreys, Linear algebraic groups, Springer- Verlag: New York, Heidel- 
berg, Berlin, 1975. 

[14] M. Artin, On Azumaya algebras and finite dimensional representations of rings, 
J. Algebra 11(1969), 532-563. 

[15] C. Procesi, Finite- dimensional representations of algebras, Israel J. Math. 
19(1974), 169-182. 



